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ABSTRACT 
We give a new proof of Le's conjecture on surface germs in C 3 having as link a topological sphere for 
the case of surface singularities containing a smooth curve. Our proof leads to a reformulation of the 
general case of the conjecture into a problem of plane curve singularities and their relative polar curves. 
1. INTRODUCTION AND PRELIMINARIES 
Let S be a reduced surface germ in (C 3, O). The link of S is its intersection with a 
sphere SE of sufficiently small radius centered at the origin. A long standing problem 
of L6 (see, e.g., [11, p. 254]) predicts (or rather, is equivalent to) the following deep 
relation between the topological and analytic properties of surface germs: if the 
link of S is homeomorphic to a sphere then S is isomorphic to the total space of an 
equisingular deformation of an irreducible plane curve singularity. This would be 
a generalisation f Mumford's Theorem stating that if the link of a normal surface 
singularity is a topological sphere then the singularity is in fact smooth (see [8]). 
In the case of non-isolated singularities the link is not anymore isomorphic to the 
boundary of the Milnor fibre. Other results of the same kind, but concerning the 
boundary of the Milnor fibre were proved by Michel and Pichon in [7]. 
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Despite the statement has been intensively studied in the last 30 years, at the 
moment here are no general proof or counterexample. An attempt o fix the 
conjecture was made by Nemethi n [9]. Although T. Keilen found a gap in the 
proof of the main result of Nemethi (see [2,3]) some of the ideas of Nemethi are 
still valid, and in fact have inspired this paper (namely, the use of the Theorem on 
non-splitting of L6, Lazzeri and Gabrielov). L~'s problem was affirmatively solved 
for the case of cyclic covers over normal surface singularities totally ramified along 
the zero locus of an analytic function by Luengo and Pichon [5], as a consequence of 
a thorough analysis of the link of these singularities through their resolution. It also 
has been established by Luengo, Melle and Pichon [6] for singularities admitting an 
equation f which is the sum of two homogeneous forms. They were able to relate 
this case to the case of cyclic covers, and use their results for that case. 
In this paper we give in the first section an elementary new proof of Le's 
conjecture for the case of singularities containing a smooth curve through the origin. 
This covers many interesting classes of singularities, in particular the case treated 
in [6]: the intersection of the two homogeneous forms defining f is a union of lines 
contained in f - l  (0). However their more elaborate proof leads to more precise 
information on the structure of the link. It also covers other classes of singularities 
which are important from other points of view (see [1,10]). 
Fact 1. It is well known that the link is homeomorphic to an sphere if and only if 
the normalisation mapping 
(1) n:N --+ (S, O) 
is a bijection from an smooth germ (N, P) to (S, O). 
In fact Le's original formulation of the conjecture was: suppose that the normali- 
sation n : N ~ (S, O) of a surface singularity (S, O) is a bijection from an smooth 
germ (N, P) to (S, O), then S is isomorphic to the total space of an equisingular 
deformation of an irreducible plane curve singularity. 
In fact it is easy to show that an injective analytic map germ n : (C 2 O) --+ C 3 
satisfies that the rank of the differential ofn at O is at least 1 if and only if its image 
n (C 2) is the total space of an equisingular deformation of an irreducible plane curve 
singularity. Hence L6's conjecture may be formulated as follows: if the map germ 
n : (C 2 O) -+ C 3 is injective, then the rank of its differential at the origin is at least 
one. 
Although our proof is new, Le's conjecture is essentially known to be true for the 
case of surface singularities containing lines: in this case it is easy to prove that the 
rank of the differential of n at P is at least one. The main virtue of our proof is that 
it leads to a reformulation ofL6's question as a problem involving only plane curve 
singularities and their relative polar curves, which has apparently rather different 
flavor. We give this reformulation i the last section. 
We indicate a proof of Fact 1 for convenience of the reader, and also in order to 
fix our notations: 
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Suppose that N is smooth and n bijective, then the link of S is homeomorphic 
to the link of N, which is an sphere. Conversely, suppose that the link of (S, O) 
is a topological sphere. The singular locus E of S is 1-dimensional, since S is 
reduced. Let E :=  U~l  ~i a decomposition of E in irreducible components. The 
topological type of the transversal singularity of S at any point of ]~]i \ {O} is 
independent ofthe point and the chosen transversal section. This topological type is 
called transversal type at Ei and its Milnor number lzi transversal Milnor number 
at Ei. The transversal type at Ni is irreducible: otherwise then the link of S is not a 
manifold at ~]i n SE, since locally is homeomorphic to the product of a real interval 
by the transversal singularity. In particular the surface S is irreducible, and hence 
n -1 (O) consists of 1 point P. The irreducibility of the transversal type implies that 
n : N \ {P} --+ S \ {O} is bijective. As n is proper, it is a homeomorphism. Then the 
link of (N, P) is homeomorphic to a sphere, and, as N has an isolated singularity 
at P for being normal, Mumford's Theorem mentioned above implies that (N, P) 
is an smooth germ. 
I would like to thank A. Pichon for stimulating discussions and I. Luengo for 
bringing this problem to my attention. Thanks also to D. Siersma for his useful 
comments. 
2. SURFACES CONTAINING SMOOTH CURVES 
Let S be a surface germ in (C 3, O) with smooth normalisation 
n:C  2 --+ S. 
Let (x, y, z) be a coordinate system such that x defines a generic hyperplane section 
of S. Let BE and Da denote the ball and the disk of radius e and 6, respectively. For 
a sufficiently small 0 < 6 << e the mapping 
x : S N BE n X -1 (Da \ {0}) -+ D,~ \ {0} 
is a locally trivial fibration, whose restriction to the boundary of Da is the Milnor 
fibration o fx  in S at the origin. Denote the space S n BE O x-l(Da) by X, and the 
fibre of x over t by Xt. 
Let f = 0 be the defining equation of S. Any polar curve of f with respect to x 
which is contained in S is actually contained in E. Hence the first Betti number of 
a Milnor fibre Xt is given by 
(2) 
n n 
bl(Xt) =/z(X0)  -- ~-~ #{ ~]i N {x = t}}IZi =/z(X0)  -- Z Io(Ei, x)Izi, 
i=1 i=1 
where/z(X0) is the Milnor number of the plane curve singularity X0, and Io (Ei, x) 
is the intersection multiplicity at the origin of the curve ~i with the hyperplane 
defined by x = 0. 
Consider 
(3) q~ :=x on, ~ :=yon,  ~ :=zon.  
347 
Let d : C ~ --+ R be the function which computes the square of the distance to the 
origin. Clearly d o n is a real analytic function such that d o n- l(0) = O, hence, for 
sufficiently small e and 6 << e, the mapping 
49 :n - l (x )  --+ D6 
is a locally Milnor fibration over D~ \ {0}, whose generic fibre is the Milnor fibre of 
49 (see, e.g., [4]). By the genericity ofx  the function 49 has an isolated singularity at 
the origin. As n is a homeomorphism ~(49) = bl (Xt), and therefore 
(4) /z(49) =/x(X0) - ~ Io (•i, x)Jzi. 
i=1 
Now we can easily deduce the following: 
Lemma 2. If 49 non-singular at the origin then S is the total space of an 
equisingular family. 
Proof. Formula (4) gives 
Iz(X°) = Z lo(Ei, x)[J4. 
i=1 
We have an isolated plane curve singularity X0 which is deformed in a curve Xt 
such that the sum of the Milnor numbers of the singularities of Xt equals the 
Milnor number of Xo. By an unsplitting result proved independently b La, Lazzeri 
and Gabrielov (which follows easily, as Lazzeri and Gabrielov point out, from the 
connectivity of Dynkin's diagram) this is only possible if Xt has a single singular 
point. Then 
n = 1, Io(El,x) = 1, #1 =/~(Xo), 
and hence X (and then S) is the total space of an equisingular family. [] 
Below we answer affirmatively L~'s question for surfaces containing smooth 
curves .  
Theorem 3. If there is a smooth curve in S passing through the origin, then S is 
the total space of an equisingular family of plane curves. 
Proof. Let C be the smooth curve through the origin of S. As x is generic we have 
lo(C, x) = 1. As n is injective and C smooth, the curve y := n - l ( c )  is smooth. An 
easy local computation shows the following: for t small and non-zero 
Io(y, 49) = #{y f-) 49-1(t)}. 
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The second terms equals #{C n {x = t}}, which is equal to Io(C, x) = 1. Then ¢ 
is non-singular: otherwise the curve defined by the vanishing of ¢ could not have 
intersection multiplicity 1 with any other curve. By Lemma 2 we are done. [] 
Remark 4. Besides Lemma 2 the main ingredient of the p f  is the equality 
(5) lo(y,  ¢) =Io(C ,x ) .  
This suggests that, as a next step, one couM try to study L~'s problem for surfaces 
containing curves whose intersection multiplicity with a generic hyperplane is a 
certain integer k. For example if k = 2 then the curve F must be either smooth or 
have an Ar singularity at the origin, for a certain r. 
3. A REFORMULATION OF Lt~'S PROBLEM 
We still assume N = C 2. The point of view adopted above suggested to us the 
following reformulation of L6's problem in terms of plane curve singularities and 
their relative polar curves. Let us fix a coordinate system (u, v) for C 2. 
Let F := n -1 (~) the inverse image of the singular set. We have a decomposition 
in irreducible components F = HiL l  Pi, with P i = n -1 (]Ei), As n is critical in F we 
have that F is the intersection of the relative polar curves: denote by P(¢, ~p) the 
vanishing locus of the determinant of the Jaeobian matrix of (¢, ~) with respect to 
(u, v). Then 
F = P(¢, ~) N P(¢,~) n P(~,~).  
Let p be a generic point ofF/ .  The plane curve Tp := ¢ - l (¢ (p) )  is smooth near 
p and cuts Fi transversely in x. Then 
(~, ~)lTp :Tp -+ SA{x=x(n(p) )}  
is a local parametrisation f the transversal singularity of S at the point n (p) e E i ,  
which has Milnor number equal to/xi. 
On the other hand, we observe that the plane curve singularity X0 is equal to the 
image of the mapping 
(~,  ~)[q~-l(0) : q~-l(0) ---+ C 2. 
A good triple ofholomorphic germs is a triple F = (¢, ~, ~) of holomorphic 
germs vanishing at the origin of C 2, and such that ¢ defines an isolated singularity 
and there are no irreducible components common to the three curves defined by the 
vanishing of the germs (this is equivalent to the fact that the map F : (C 2, O) --+ C 3 
is finite). Given a good triple ofholomorphic germs we define 
r := v (a ,  n n 
(the non-inmersive locus of F), and consider the decomposition I "F = HiL l  FF  in 
irreducible components. No components of F F are included in V(q~): indeed, as 
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V(q~) is reduced, if C is a common component of V(q~) and P(q~, ~), then it is also 
a component of V(~) (in order to check this parametrise C and restrict ~p to the 
parametrisation). Analogously the common components of V(q3) and P(,~, ~) are 
also components of V(~). Therefore a component of r F contained in V(q~) is a 
common component of V((~), V(~) and V(~), which does not exist by assumption. 
Choose an irreducible component r F. As V (q]) has an isolated intersection point 
with r F at the origin, parametrising F F and restricting ~to the parametrisation we
obtain that for t small and non-zero, the curve V(q3 - t) meets r ( transversely. Let 
p one of the meeting points. Define #(  to be the Milnor number of the image 
of a small neighbourhood of p in V(4~ - t) by the mapping (7t, ~). Using the 
irreducibility of r F it is easy to show that lz ( is independent of t and of the chosen 
meeting point p. 
Define #ff to be the Milnor number of the image of 
(@, ~)[&l(o): q~-l(0) ~ C2' 
I f  F = ((~, ~, ~) are the coordinate functions of an injective mapping from C 2 to 
C 3, formula (2) may be written as: 
(6) 
n 
I IFF, 7x F #(~) =.F - -  ~.a Ot i ~)]~i " 
i=1 
The converse is the following: 
Lemma 5. Let F = (~, (p, ~) a good triple of holomorphic germs such that the 
restriction ofF : (C 2, 0) ~ C 3 to V (~) is injective in a neighbourhood fthe origin. 
Then 
(7) 
n 
V.l - -~.a Ot i O)/Zi " 
i=1 
The equality holds if and only/ fF  : (C 2, O) ~ C 3 is injective. 
Proof. The mapping F is finite, since we have assumed that ~, ~ and ~ have 
no common factors. The mapping F is generically injective near the origin: the 
ramification locus of F is contained in FF; as the origin is an isolated meeting 
point of F F and V (q~), if F is generically k : 1, then F lv(~) is also generically k : 1. 
Our claim follows because we have assumed that the restriction of F to V (q~) is 
injective in a neighbourhood f the origin. 
Let X be the image of F. Let t # 0 be small enough. As the space Xt = X A V(x - 
t) is homeomorphic to the result of identifying finitely many points in q~-I (t) we 
have 
(8) bl(Xt)/> bl (q~-l(t)) =/z(q~). 
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On the other hand, 
= l*(Xo) - ~ tz(Xt, p), bl(Xt) 
pESing(Xt) 
and, clearly, 
n 
~)) i~  Z E Io(r:, - 
i=1 pESing(Xt) 
#(xt ,  p). 
Therefore 
(9) 
n 
V~ I /FF,Tx F bl(Xt) <~ #(Xo) -- ~ O[ i q))#i • 
i=1 
Combining the inequalities (8) and (9) we obtain (7). The equality holds if and 
only if all the inequalities of this pf are in fact equalities. In particular, bl (XD = 
bl (q]-I (t)) =/z(~), hence F I~-1 (t) is injective (it does not identify points since (8) 
is an equality). As this holds for any t 5~ 0 sufficiently small the mapping F is 
injective (for t = 0 the injectivity is known by assumption). [] 
Suppose that 
n: (C  2, 0)-+ (S,O)C (C3,0) 
is the normalisation of a surface germ. We can clearly choose a coordinate system 
(x, y, z) in C 3 such that the triple F := (x o n, y o n, z o n) satisfies Fl{xon=O} is
injective. 
As a corollary of the arguments above, we find that L~'s problem is equivalent 
to the following conjecture, which only involves plane curve singularities and their 
relative polar curves: 
Conjecture 6. Let F = (¢, 7t, ~) be a triple of germs of holomorphic functions 
vanishing at the origin of C 2 which are such that: 
(i) ~b defines an isolated singularity at the origin, 
(ii) there are no irreducible components which are common to the three curves 
defined by the functions, 
(iii) restriction o fF  to {q~ = O} is injective in a neighbourhood of the origin and, 
moreover, 
t~ 
#(49) = Iz v - ~_~ Io(Fi, ¢b)/* F. 
i=i 
Then dp is non-singular at the origin. 
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